We have investigated the chaotic and frequency-locked population oscillations between two coupled BoseEinstein condensates with time-dependent asymmetric potential and damping. Under the deterministic perturbation, there exist stable oscillations close to the separatrix solution, which are Melnikov chaotic. Numerical results reveal that, in the nondissipative regime, regular oscillations gradually tend to chaotic with the increase of the trap asymmetry, the long-term localization disappears, and short-term localization can be changed from one of the Bose-Einstein condensates to the other through the route of Rabi oscillation. But in the dissipative regime, stationary chaos disappears and transient chaos is a common phenomenon before the regular stable frequency-locked oscillations, and a proper damping can keep the localization long lived.
I. INTRODUCTION
The macroscopic quantum property of weakly interacting Bose-Einstein condensates ͑BEC͒ has stimulated much interest for investigation of coupled BEC's. The Josephson effect, both interference and tunneling dynamics, of two-state systems is one of the hotspots ͓1-10͔. Leggett classified it into two different types, external and internal Josephson effects. The former has two spatially separated single-particle states in a double-well trap potential, and the latter has two hyperfine internal states in a single-well trap potential ͓1͔. The strong squeezing of the atomic number difference and a regime of squeezing in the relative phase were revealed ͓2,10͔. Williams et al. demonstrated the existence of Josephson coupling for a driven two-state single-particle BEC in a singlewell trap potential ͓9͔. Smerzi et al. studied the coherent atomic tunneling and oscillations between two zerotemperature BEC's confined in a double-well magnetic trap ͓4 -6,8͔. The macroscopic quantum self-trapping ͑MQST͒, namely, a self-maintained population imbalance with nonzero average value of the fractional population imbalance, and the -phase oscillations in which the time-averaged value of the phase difference is equal to were detailed ͓4,5͔. They claimed that the damping decays all different oscillations to the zero-phase mode ͓6͔. In addition, macroscopic quantum fluctuations have also been discussed by using second-quantization approaches ͓8͔.
When the trapping potential is time dependent and the damping and finite-temperature effects cannot be neglected, chaos emerges. Abdullaev and Kraenkel treat the nonlinear resonances and chaotic oscillations of the fractional imbalance between two coupled BEC's in a double-well trap with a time-dependent tunneling amplitude for different dampings ͓11͔. They also considered the chaotic atomic population resonances and the possibility of stabilization of the unstable-mode regime in coupled BEC's with oscillating atomic scattering length ͓12͔. Experimentally, the laser barrier position and the intensity and detuning of the laser beam in the trap can be modified, so the trap asymmetry and the amplitude of the tunneling between the coupled BEC's can be time dependent ͓1,4,5͔; and the damping cannot be neglected ͓11͔. Taking account of these effects, what is the route to chaos about? And when chaos apears, is the localization ͑i.e., the MQST͒ maintained or destroyed? These are still open problems, which will be discussed in this paper.
Below, we shall analyze the frequency-locked and chaotic oscillations of the fractional atomic population imbalance between two Josephson-coupled states of a two-state singleparticle BEC in a time-dependent asymmetric trapping potential with damping. The outline of this paper is as follows. In the next section, the chaotic atomic population oscillations close to the separatrix solution with small trap asymmetry are analyzed by using our direct perturbation method ͓13-15͔. The chaotic and frequency-locked population oscillations are numerically simulated in Sec. III. In the last section, the brief summary and discussion are presented.
II. CHAOTIC ATOMIC POPULATION OSCILLATIONS CLOSE TO THE SEPARATRIX SOLUTION WITH SMALL TRAP ASYMMETRY
Within the mean-field approximation of the two-mode Gross-Pitaevskii equation, ignoring the damping and finitetemperature effects, two Josephson-coupled states of a twostate single-particle BEC are described by the nonlinear equations ͓2-10͔
The wave functions i (iϭ1,2) are in the form of i ϭͱN i (t) exp͓i i (t)͔, where N i (t)ϭ͉ i ͉ 2 and i (t) are the numbers of condensed atoms and phases of states. The total number of atoms N T ϭN 1 (t)ϩN 2 (t) is conserved. For a time-independent parameter K, defining the fractional population imbalance z(t)ϭ͓N 1 (t)ϪN 2 (t)͔/N T and the relative phase (t)ϭ 2 (t)Ϫ 1 (t), and scaling the time in 2K/ប, then they obey the following differential equations
͑4͒
The parameters trap asymmetry ⌬E and atomic scattering length ⌳ determine the dynamic regimes of the BEC atomic tunneling and they can be expressed as ⌬Eϭ(E 1 ϪE 2 )/(2K)ϩ(U 1 ϪU 2 )N T /(4K) and ⌳ϭ(U 1 ϩU 2 )N T /(4K). The above equations indicate that z is the conjugate momentum for the generalized angular coordinate , and the corresponding oscillation is the same as a nonrigid pendulum with Hamiltonian Hϭ ⌳z 2 2 ϩ⌬EzϪͱ1Ϫz 2 cos . ͑5͒
For a time-independent trapping potential, the quasienergy of the above system is conservative. The second-order derivative of z can be derived from Eqs. ͑3͒-͑5͒ as
Obviously, the above equation is a perturbed Duffing equation. Regarding z and dz/dt as the coordinate and momentum of an effective classical particle, respectively, its effective potential reads as
If ⌬Eϭ0, the effective potential changes from a double well to a parabolic when increasing the value of (1Ϫ⌳H) from negative to positive. The effective particle moves between the classical turning points where its kinetic energy is zero. Figure 1 shows the changing of shape of the effective potential, ͑A͒ for different values of H with a fixed value of ⌳, and ͑B͒ for different values of ⌳ with a fixed value of H. The motion in the parabolic potential is a Rabi oscillation with a zero time-average value of z. For fixed parameters ⌳ and H, the oscillations with small effective energies H e f f ϭ 1 2 (dz/dt) 2 ϩV e f f are sinusoidal, and increasing the effective energies will add higher harmonics to the sinusoidal oscillations. In the case of double-well potential, the motion is very different from the case of the parabolic potential. When H e f f Ͼ0, the motion is a nonlinear Rabi oscillation with a zero time-average value of z, which corresponds to the periodic flux of atoms from one BEC to the other. When H e f f Ͻ0, the particle is confined in one of the two wells, this means the localization of atomic population in one of the two condensate states, and this localizing phenomenon has been named as macroscopic quantum self-trapping ͑MQST͒.
When H e f f ϭ0, it corresponds to the threshold motion separating the above two regimes, the separatrix solution for the right-hand side well is
Here, constant C 0 ϭAr sech͕z s (0)/͓2ͱ(⌳HϪ1)/⌳ 2 ͔͖. The dynamics of the fractional population imbalance near the separatrix solution sensitively depends on the initial conditions and system parameters such that it becomes chaotic with a stochastic layer. The Melnikov function method is useful to find the regions of chaotic oscillation ͓11,12͔. Based upon our understanding of the chaotic dynamics of the perturbated pendulum and rf-driven superconducting Joseph- son junction ͓13,14͔, we will use our direct perturbation approaches to analyze the stability of the boson Josephson junction in the following. Now we take into account the damping effects. For two coupled BEC's in a double-well potential with a noncoherent dissipative current of normal-state atoms, the damping term of Eq. ͑3͒ is Ϫd/dt; and for two interacting condensates with different hyperfine levels in a single-well potential, the damping has the form Ϫz(t) ͑i.e., the damping term in the right of Eq. ͑6͒ is Ϫdz/dt) ͓9,11,12͔. In this paper, we only consider the latter case. When the trap asymmetry and damping amplitude is very small, they can be treated as perturbations to the symmetric system (⌬Eϭ0). Then the function h(t) becomes
In addition to a time-independent trap asymmetry ⌬E 0 , we impose a sinusoidal variation, so the asymmetry ⌬Eϭ⌬E 0 ϩ⌬E 1 sin t; this can be realized by varying the laser barrier position or detuning of the laser beam ͓1,4,5͔. According to our analytical approach ͓13,14͔, if the trap asymmetry and the damping amplitude satisfy
the solution close to the separatrix solution may be expressed as
Here, zi are the ith order corrections. Substituting the above expression into Eq. ͑6͒ and comparing the coefficient function of every i for both sides of the differential equation, we obtain zi satisfy the equations
We take the zero-order solution as the separatrix solution z 0 ϭz s of Eq. ͑8͒, and the basic solutions of the unperturbed high-order equations ͑13͒ with (⑀ i ϭ0) are as follows
So the general expressions of ith corrections are
Constants C 1 and C 2 are determined by the initial conditions and the physical parameters. When time t→Ϯϱ, Eqs. ͑14͒ and ͑15͒ give ͉z i1 0 ͉→0 and ͉z i2 0 ͉→ϩϱ. Solving the ith order equations one by one, we can obtain functions ⑀ i containing time-periodic functions with finite amplitudes. This means the high-order corrections are unbounded unless the coefficient functions of the growing function z i2 0 vanish at tϭϱ. So the general motion is unstable oscillations, the necessarysufficient conditions for bounded oscillations are expressed as
The boundedness of perturbed corrections means stability of the system under deterministic perturbation. Here, and throughout the paper, the stable chaos is defined for the deterministic perturbation without any random disturbance. Although the above conditions are nonintegrable, they contain the integrable necessary conditions
The first-order integration (iϭ1) is the Melnikov function of the system, which equates zero, indicating the existence of Melnikov chaos. This implies that the stable oscillations are chaotic, but not all chaotic oscillations are stable because of the nonsufficient property of the condition ͑18͒. Integrating the above equations, one may evidence the necessary conditions as a series of relations of the initial conditions and parameters. For fixed initial conditions, modifying the parameters may control the instability of the chaotic oscillations. Substituting the expressions of z 11 0 and ⑀ 1 into Eq. ͑18͒ and integrating it yield the first-order condition
The independence of the above-necessary condition on the time-independent trap asymmetry ⌬E 0 means that the chaotic oscillations are caused by the time-dependent trap asymmetry. However, this does not imply that the stability is irrelevant to the time-independent trap asymmetry, since the sufficient-necessary conditions ͑17͒ and high-order necessary conditions ͑18͒ with iϾ1 are correlated with ⌬E 0 and other parameters. For the same parameters, the distribution of stability curves sensitively depends on the initial conditions. To display this dependence explicitly, we have chosen a series of values of the initial constant C 0 to plot Fig. 2 from Eq. ͑19͒, in which the curves become denser and denser with the growing of the value C 0 ; this illustrates the existence of chaos. The transition between the regular oscillations and the chaotic ones is described by the curves shown in Fig. 3 . Regions above the curves correspond to Melnikov chaotic oscillations of the fractional population imbalance and those below correspond to the regular oscillations. There exist two chaotic regions separated by a special frequency that is determined by the physical parameters, and this frequency may cause an unstable nonlinear resonance. When the damping becomes stronger and stronger, the regions of chaotic oscillations become smaller and smaller, and the regular region becomes larger and larger.
III. NUMERICAL SIMULATION OF CHAOTIC AND FREQUENCY-LOCKED ATOMIC POPULATION OSCILLATIONS
When the atomic population oscillations are far away from the separatrix solution, or when the trap asymmetry and the damping are large enough, the oscillating dynamics cannot be obtained from the previous analytical method. In this section, by numerically integrating Eqs. ͑3͒ and ͑4͒ with the fourth Runge-Kutta method with variable step widths, we simulate the atomic population oscillations that has fixed coupling K, and time-dependent trap asymmetry ⌬E ϭ(⌬E 0 ϩ⌬E 1 sin t) and damping term ϪЈz(t) in the right side of Eq. ͑3͒.
In the case of the time-independent symmetric trap potential (⌬Eϭ0), because of the damping, both Rabi oscillation and MQST reach an equilibrium state with zero population imbalance, see Figs. 4͑b͒ and ͑f͒; increasing the trap asymmetry (⌬E) to 1.0 leads to the departure of the equilibrium state from zero population imbalance, see ͑d͒ and ͑h͒ of Fig.  4 . Ignoring the damping effects, the oscillations are regular, they contain two different kinds, Rabi oscillation and MQST, see ͑a͒, ͑e͒, ͑c͒, and ͑g͒ of Fig. 4 .
In the case of the time-dependent asymmetric trap poten- tial (⌬E 1 0), the chaotic oscillation appears. For simplicity, we choose ⌬E 0 ϭ0, the dimensionless parameter ϭ1, the initial phase (0)ϭ0, and the atomic scattering length ⌳ ϭ10. Sampling a single trajectory once within every period of the variation of the trap asymmetry, we obtain the stroboscopic Poincare section. In the nondissipative regime (Ј ϭ0), with the increase of the time-dependent trap asymmetry ⌬E 1 , the sections vary from a single island to a lot of islands, and all islands are finally submerged by the chaotic sea. This means the periodic oscillations change into quasiperiodic, and then chaotic. Figure 5 is the Poincare sections of (z,dz/dt), with the initial conditions z(0)ϭ0.5, the parameters ϭ4, and different values of ⌬E 1 , the corresponding oscillation in its beginning is a Rabi oscillation. When ⌬E 1 ϭ3.000, there is only a single island. Then it is separated into six islands as ⌬E 1 increase to 6.000. For larger trap asymmetry ⌬E 1 ϭ6.750, the regular islands are surrounded by the chaotic sea. For large enough trap asymmetry ⌬E 1 ϭ7.500, the regular islands are all submerged by the chaotic sea, and the sea is symmetrical with zero timeaveraged value of z. Evolving from a MQST, the Poincare sections with z(0)ϭ0.75, ϭ2, and different values of ⌬E 1 is showed in Fig. 6 , where the similar chaotic dynamics is exhibited. For small ⌬E 1 ͑1.000, 1.560, and 1.565), the time-averaged value of the fractional population imbalance is nonzero, and the atoms are localized on one of the condensates. However, for large enough ⌬E 1 (1.700), the chaotic sea is also symmetrical to the line zϭ0. This indicates that, in the completely chaotic oscillation, the time-averaged value of the fractional population imbalance is zero, and the long-lived MQST or localization disappears.
The completely chaotic oscillations of the fractional population imbalance evolving from Rabi oscillation and MQST are presented in Fig. 7 . The left column corresponds to z(0)ϭ0.5, ϭ4, and ⌬E 1 ϭ7.500; the right column corresponds to z(0)ϭ0.75, ϭ2, and ⌬E 1 ϭ1.700. The first row is the time evolution of z, the second row is the power spectra of the corresponding oscillation. Clearly, through the route of Rabi oscillation, the short-term localization or MQST can be changed from one of the BEC's to the other, and the corresponding power spectra is very noisy.
In the dissipative regime (Ј 0), because of the existence of the damping effects, the volume in phase space will decrease through time evolution. A common phenomenon in these dynamical systems is that they seem to behave chaotically during some transient periods, but eventually fall onto periodic stable attractors. This is known as the transient chaos or chaotic transient. Superlong transient chaos occurs commonly in dissipative dynamical systems, where oscillations that start from arbitrary initial conditions oscillate chaotically for a very long time before they set into the final attractors, which are usually regular and stable ͓16,17͔. In our two-state BEC system, we also find transient chaos and final attractors. We will exhibit the attracting process of the transient chaos and the fixed points of the final attractors in the Poincare sections of (z,dz/dt). The phase trajectories of the final attractors are also shown.
For a fixed value of damping amplitude Ј, there exist many types of attractors when ⌬E 1 is changed. Fixing the ⌬E 1 , different initial conditions will lead to different final states. Staring from a Rabi oscillation, with z(0)ϭ0.5, ϭ4, Јϭ0.01, and different values of ⌬E 1 , the Poincare sections of the attracting processes and the final attractors, and the phase trajectories of the final attractors are presented in Fig. 8 . The left column shows the Poincare sections of the attracting processes; the right column shows the phase trajectories and Poincare sections of the final states, ͑a͒ and ͑b͒ for ⌬E 1 ϭ3.000, ͑c͒ and ͑d͒ for ⌬E 1 ϭ7.500. In the Poincare sections, after the transient chaos, the sampled points gradually approach the final fixed points. The phase trajectories of final oscillations are closed curves, and the corresponding Poincare sections only contain fixed points that are denoted as small circles, so that the final oscillations are frequency locked ͑FL͒. When ⌬E 1 ϭ3.000, there is only a single fixed point in the Poincare sections, the corresponding final oscillation is a period-one limit-cycle with frequency . While for ⌬E 1 ϭ7.500, there exist five fixed points, and then the final oscillation is a 1/5 FL motion, this means the oscillating frequency is (1/5). Figure 9 presents similar dynamics evolving from a MQST with z(0)ϭ0.75, ϭ2, and Ј ϭ0.001 for different parameter ⌬E 1 . Where, ͑a͒ and ͑b͒ for ⌬E 1 ϭ1.000, ͑c͒ and ͑d͒ for ⌬E 1 ϭ1.700. The transient chaos and the FL oscillations appear too. When ⌬E 1 ϭ1.000, the eventual oscillation is a period-one limit cycle FIG. 7 . The completely chaotic oscillations and the corresponding power spectra in the nondissipative regime. The left column corresponds to z(0)ϭ0.5, ϭ4, and ⌬E 1 ϭ7.500. The right column corresponds to z(0)ϭ0.75, ϭ2, and ⌬E 1 ϭ1.700. with a nonzero time-averaged value of the fractional population imbalance z, so the atoms are localized on one of the condensates. Amazingly, for large ⌬E 1 ͑1.700͒, due to the damping effects, the final 1/6 FL oscillation possesses a nonzero time-averaged value of z. Comparing with the nondamping regime ͑Fig. 6͒, one can see that a proper damping can keep the MQST long lived.
IV. SUMMARY AND DISCUSSIONS
With both analytical and numerical methods, we have studied the chaotic and frequency-locked oscillations between two coupled Bose-Einstein condensates in a timedependent asymmetric trap potential. The trap asymmetry has been chosen as Eq. ͑10͒, which can be realized by varying the laser barrier position or the detuning of the laser beam ͓1,4,5͔. The damping of the oscillations of the fractional population imbalance is taken as the form Ϫz(t), it commonly exists in two interacting condensates with two different hyperfine levels in a single-well trapping potential ͓11,12͔.
In the perturbative regime, the population oscillations have been depicted with the Duffing equation, and the chaotic oscillations near the separatrix solution are detailed. In this regime, the Melnikov function approach is a valid way to predict the onset of chaos in the population oscillations that are close to the separatrix. Using this method, Abdullaev and Kraenkel analyzed the population oscillations of two coupled BEC's with time-dependent coupling ͓11͔ and oscillating atomic scattering length ͓12͔, and gave out the criteria for the onset of chaos. In this article, based on our successful analysis of perturbated pendulum ͓13͔ and superconducting Josephson junction ͓14͔, we have discussed the stability of the population oscillations near the separatrix by using the direct perturbation technique. A formally general solution of the perturbated system gave the correction to the separatrix solution. Theoretical analysis revealed that the sufficientnecessary conditions for bound oscillations contain Melnikov criterion for chaos. This indicates that the bounded oscillations are embedded in a chaotic attractor. The boundedness conditions imply the sensitive dependence of the system on initial conditions. The regions of chaotic and regular oscillations can be exchanged by varying the damping strength.
However, when the oscillations are not close to the separatrix solution, and the system parameters are not in perturbative regime, the numerical method is unavoidable. The chaotic population and frequency-locked oscillations are simulated by straightforward numerical integration of the motion equations. In the nondissipative regime, regular oscillations gradually tend to become chaotic ones with the increased values of ⌬E 1 . In the case of completely chaotic oscillations, the long-lived localizations or MQST's are completely destroyed, and the short-term localization or MQST can be exchanged from one of the BEC's to the other through the route of the Rabi oscillation. In the corresponding Poincare section, the single regular island is separated into many small islands, and all islands are finally submerged into the chaotic sea. In the dissipative regime, due to the damping effects, the volume of the phase space is reduced by time evolution. Then the stationary chaos disappears, and transient chaos is a common phenomenon before becoming regular, stable frequency-locked oscillations. Surprisingly, a proper damping strength can keep the localization or MQST long lived.
Experimentally, the long-term average lifetime of the transient chaotic oscillation requires long-term measurements, too. So the prediction of the relation between the average lifetime of the transient and the physical parameters (, ⌬E 0 , ⌬E 1 , and ⌳) may be a practical problem. And if one wants to observe the long-lived localization or MQST, understanding attraction basins of the eventual frequencylocked oscillations in parameter space will give some useful indication for how to choose the physical parameters. These results will be reported elsewhere.
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